It is important to achieve a uniform film thickness for most optical coating applications. However, in industrial coating processes, there are local variations in the solvent drying rates, and hence, nonuniform surface tension profiles are obtained at the the gas−liquid interface. The local surface tension gradient induces a thermocapillary "Marangoni" stress, which causes the fluid to flow from low−surface−tension regimes to high−surface−tension regimes, thereby causing local surface elevations. In contrast, concave depression(s) are formed on the surface when the time taken for stress−induced deformation is considerably longer than that taken for local film shrinkage. Thus, the coating may have complicated surface topographies depending on the drying conditions and fluid properties. Although thermocapillary flows in thin film coatings have been extensively studied (Eres et al., 1999; Evans et al., 2000; Blunk and Wikes, 2001; Schwartz et al., 2001; Gramlich et al., 2002; Edmonstone and Matar, 2004; Yiantsios and Higgins, 2006; Yamamura et al., 2007), very few rigorous models have been developed for predicting the nonuniform thinning behavior. Recently, we developed a mathematical model for drying coatings on a moving substrate (Yamamura et al., 2009a), but the model considers only the negligible thermocapillary stress. Furthermore, no general
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Modeling 1.1 Governing equations
Consider a thin liquid film of an incompressible, nonreactive Newtonian fluid of temperature T 0 coated on a stationary impermeable substrate of thickness b (Figure 1 Figure 1 Figure 1 Figure 1 ). The coating is in contact with a gas phase that is not saturated with the solvent vapors. A deformable air−liquid interface is formed at z = h (x, t) with origin on the film−substrate interface, where z and x are the Cartesian coordinates in the thickness and transverse directions, respectively. The gas−liquid interface is exposed to air, and the corresponding nonuniform heat/mass transfer coefficients are h g (x) and k g (x), respectively. The constant heat transfer coefficient corresponding to the gas phase in the vicinity of the substrate surface is h G . The model is based on the following assumptions:
1. The fluid is a binary system comprising a volatile solvent (component 1) and a polymer (component 2), and no volume change is observed during mixing, i.e., 
2. No convective mass transport occurs in the x direction. 3. No mass flux exists at the substrate−solution interface as the substrate is impermeable. 4. The heat−transfer resistance in the gas phase is considerably greater than the conductive resistances in the film and the substrate, and hence, the temperature across the coating is uniform. 5. Radiative heat transfer is negligible. 6. The average values of the densities, heat capacities, and thermal conductivities of each component in the polymer solution and the substrate are used. 7. The system temperature is higher than the glass transition temperature of the polymer solution in all the drying regimes. 8. The airflow does not exert any drag on the air−liquid interface. 9. Fick's law is used to describe the diffusive flux using the volume average velocity as the reference. 10. The fluid flows are driven by the surface tension gradient in the x direction. Inertia and gravitational effect are negligible. 11. Local variations in the thickness of the surface of interest are considerably smaller than the mean thickness h . The following are the equations governing solvent diffusion and heat transfer across the coating (Vrentas and Vrentas, 1994) :
The equation of motion in the x direction is used to derive the equation for film evolution:
It is to be noted that Eq. (7) reduces to Eq. (3) when there is no transverse motion of the liquid. Nonperiodic boundary conditions are imposed on the outer boundaries of the computational unit cell at x = W and -W :
The governing Eqs. (1)- (9) are nondimensionalized by the following variables introduced:
where L is the initial film thickness, and the Biot number, Bi, is a ratio of internal mass-transfer resistance to external mass-transfer 3 ) /(
resistance. The Lewis number, Le, is a mass-to-heat transfer resistance. The Marangoni number, Ma, is a measure of the surface-tension-driven forces relative to the dissipation caused by viscous friction and thermal diffusion. The detailed derivations of these equations have been shown elsewhere (Yamamura et al., 2009b) .
Drying parameters
In this study, we focus on the drying of poly(styrene)(PS) /tetrahydrofuran (THF) solutions. A linear approximation of surface tension with respect to temperature is used. The solution viscosity determined from the results of preliminary experiments is expressed as an exponential function with respect to the mass fraction ω i of component i:
where m and n are the material constants, and µ 0 is the solvent viscosity. The Flory−Huggins equation is use to estimate the partial pressure of the solvent at the solution/gas interface. The free−volume theory and friction-based dilute model (Zielinski and Duda, 1992) where χ 12 is the parameter corresponding to the interaction between the solvent and the polymer. The free volume parameters used for the aforementioned prediction are listed in Table 1  Table 1  Table 1  Table 1 . The heat−transfer coefficients are obtained from the empirical expressions for a jet flow from a single−slit nozzle onto a stationary infinite plane (Kumada et al., 1973) :
where λ G is the thermal conductivity of the gas, H the nozzle height, and B the slit width. The Reynolds number, Re = The mass−transfer coefficients can be easily obtained using the analogy between the heat and mass transfers:
where Sc is Schmidt number of the gas phase.
The set of coupled partial differential equations are discretized in space using an implicit finite difference scheme and converted into a set of nonlinear algebraic equations. The time integrations for Eq. (7) are fully explicit in the sense that the nonlinear h 2 and h 3 pre-factors and derivative terms at time t+∆t are evaluated at the previous time t, where ∆t is the time step. 
The algebraic equations are solved at sufficiently small time steps of less than 10 µs in order to ensure the numerical stability. The total number of grid points is increased until the relative error of the predicted local thickness becomes less than 0.08%. All the drying parameters used in this analysis are listed in Table 2  Table 2  Table 2  Table 2 . The unit length W is set at 0.05 m, which corresponds to one−half the distance between two neighboring nozzles in practical multinozzle air dyers.
The results of the preliminary computations made for poly(vinylacetate)/toluene solution coatings agreed with those obtained in previously reported experiments and simulations, thereby showing the validity of our numerical code. The detailed description of the code verification procedure is shown elsewhere (Yamamura et al., 2009b) 
Results and Discussion
Figure 2 (Figure 2(a) ). The nonuniform surface tension profile induces a Marangoni stress, which drives the fluid from the low−surface−tension regions to the air impingement region against viscous and capillary forces. The plot of film thickness vs. x shows a convex crest at the impingement point and two depressions in the regimes beyond the impingement point indicating a particular drying-induced surface roughening at Bi(0) = 4.77 (Figure 2(b) ).
Interestingly, with an increase in Bi(0), the stress-induced elevation is suppresses to a considerable extent instead of the increase in surface−tension−gradient. Therefore, the surface profile is flattened near the air impingement point at Bi(0) = 51.2. With a further increase in Bi(0), the coating no longer exhibits surface elevations, but it shows a single depression at x = 0, indicating nonuniform thinning caused by the rapid shrinking of film. It is worth noting that a remarkable convex crest develops on the film surface even for temperature variations of 0.3 K in the particular low Biot number of Bi (0) Figure 3) . Thus, the coating surface shows a convex elevation at Bi(0) < Bi c , whereas it shows a concave depression when Bi(0) > Bi c . The maximum surface curvature monotonically increases with Ma because the corresponding strong interfacial stress attracts a large volume of the fluid toward the impingement point, and this results in a surface elevation. When Ma = 0, the surface shows negative curvatures for any given Bi, indicating that the surface topography is dominated by the local shrinkage of the film. The stress−induced surface elevation is further characterized on the basis of the difference in local thickness calculated from Eq. (3) when no interfacial stress is induced and that calculated from Eq. (7) when the effect of stress−induced flows is considered. The calculated differences in thickness at x = 0 in the parameter space of Bi (0) and Ma are shown in Figure 4 Figure 4 (0) >> Bi c . In the former case, the solvent evaporation is so slow that neither film shrinkage nor stress−induced deformation is significant. In contrast, in the latter case, rapid film shrinkage occurs preferentially over the surface elevation because of the stress. The predicted drying map reveals that maximum convex elevation is achieved in high Ma regions but only when Bi(0) ≈ 12, implying that the effect of interfacial stress becomes predominant at intermediate Bi (0) values. As Bi (0) approaches Bi c , the stress-induced surface elevation is balanced by film shrinkage, and hence, flat interfaces are observed ( Figure  2(b) ). With a further increase in Bi(0), the surface topography changes from convex to concave, and a single depression remains on the film surface at Bi(0) > Bi c . These findings indicate that at an appropriately chosen Bi(0), uniform coatings can be achieved even during rapid drying. We note that the map presented in Figure 4 is valid when h G < 1000 J/(m 2
•s•K) with an error margin of ±4% The preliminary computations showed that, at high values of h G (10 4 J/(m 2
•s•K)), the thickness difference is 30% lower than that predicted from Figure 4 . The validity of the present model can be confirmed by carrying out direct measurements of surface profiles of wet coatings subjected to drying. This is because of the limited experimental data available for such cases.
Conclusions
We present a numerical model for describing the drying−induced nonuniform thinning of binary liquid film coatings. In this model, simultaneous heat/mass transfers coupled with one-dimensional surface flows are considered. The numerical results are summarized in the parameter space of Ma, and Bi(0). The results of the present simulation reveal that the coating surface shows a convex elevation when Bi(0) < Bi c , whereas it exhibits a concave depression when Bi(0) > Bi c . The maximum convex elevation is observed at a high Ma but only when Bi(0) ≈ 12. The predicted drying map allows us to optimize the drying conditions and fluid properties so that uniform coating surfaces can be obtained. ξ 12 = ratio of critical molar volume of solvent jumping unit to that of polymer [-] 
